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A symmetric dual problem for a class of multiobjective fractional variational
problems is first formulated. Under partial-invexity assumptions on the functions
involved, dual theorems are proved through a parametric approach to related
properly efficient solutions of the primal and dual problems. Finally, self-dual and
related problems are considered. Q 2000 Academic Press
1. INTRODUCTION
Duality for multiobjective variational problems has been of great in-
Žw x.terest in recent years 1, 4, and 5 . Under concavity assumptions on
w xthe functions involved, Mishra and Mukherjee 2 gave duality theorems
for multiobjective fractional variational problems through a parametric
approach to related efficient solutions of the primal and dual prob-
lems. When the objective and constraint functions involved are invex, the
w xauthor 6 also proved the weak and strong duality to related properly
efficient solutions for a class of multiobjective variational problems. Sym-
metric duality for the variational problem was first studied by Mond and
w xHanson 1 under the convexityrconcavity assumptions of scalar function
Ž Ž . Ž . Ž . Ž .. Ž . n Ž . mC t, x t , x t , y t , y t with x t g R and y t g R .˙ ˙
In this paper, we propose to study symmetric duality for multiobjective
fractional variational problems with partial invexity. These results general-
w xize some results of 3, 7]9 . This article is organized as follows. In Section
2, we state the basic notations and results. In Section 3, the dual problem
is formulated and the duality theorems are given about the multiobjective
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Ž . Ž .fractional variational problem MFP and its auxiliary MD . Finally, in
Sections 4 and 5, a class of self-dual problems will be formulated and the
related problems are also considered, respectively.
2. PRELIMINARIES AND FORMULATION
w x Ž Ž . Ž . Ž . Ž ..Let I s a, b be a real interval, and f t, x t , x t , y t , y t and˙ ˙i
Ž Ž . Ž . Ž . Ž ..g t, x t , x t , y t , y t be twice continuously differentiable functions, for˙ ˙i
i s 1, 2, . . . , p, where x: I “ Rn and y: I “ Rn with derivatives x and y.˙ ˙
Ž Ž . Ž . Ž . Ž ..In order to consider f t, x t , x t , y t , y t , denote the first partial˙ ˙i
Ž . Ž . Ž . Ž .derivatives of f with respect to t, x t , x t , y t , and y t , respectively, by˙ ˙i
f , f , f , f , and f , that is,i t i x i x i y i y˙ ˙
› fi
f si t › t
› f › f › f › f › f › fi i i i i i
f s , , . . . , , f s , , . . . ,i x i x˙ž / ž /› x › x › x › x › x › x˙ ˙ ˙1 2 n 1 2 n
› f › f › f › f › f › fi i i i i i
f s , , . . . , , f s , , . . . , .i y i y˙ž / ž /› y › y › y › y › y › y˙ ˙ ˙1 2 n 1 2 n
Ž . Ž . Ž . Ž .The twice partial derivatives of f with respect to x t , x t , y t , and y t ,˙ ˙i
respectively, are the matrices
› 2 f › 2 f › 2 fi i i
f s , f s , f si x x i x x i x y˙ž / ž / ž /› x › x › x › x › x › y˙k s k s k sn=n n=n n=n
› 2 f › 2 f › 2 fi i i
f s , f s , f si x y i x y i x y˙ ˙ ˙˙ž / ž / ž /› x › y › x › y › x › y˙ ˙ ˙ ˙k s k s k sn=n n=n n=n
› 2 f › 2 f › 2 fi i i
f s , f s , f si y y i y y i y y˙ ˙˙ž / ž / ž /› y › y › y › y › y › y˙ ˙ ˙k s k s k sn=n n=n n=n
for i s 1, . . . , 2, . . . , p. Similarly, g , g , g , g , and g denote the firsti t i x i x i y i y˙ ˙
Ž . Ž . Ž . Ž .partial derivatives of g with respect to t, x t , x t , y t , and y t ; g ,˙ ˙i i x x
g , g , g , g , g , g , g , and g denote the twice partiali x x i x y i x y i x y i x y i y y i y y i y y˙ ˙ ˙ ˙˙ ˙ ˙˙
Ž . Ž . Ž . Ž .derivatives of g with respect to x t , x t , y t , and y t , for i s 1, 2, . . . , p.˙ ˙i
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Ž n. Ž .Let C I, R denote the space of piecewise smooth functions x t with
5 5 5 5 5 5norm x s x q Dx , where the differentiation operator D is given‘ ‘
by
b
u s Dx m x t s u a q u s ds,Ž . Ž . Ž .H
a
dŽ .where u a is a given boundary value. Therefore s D except at disconti-dt
nuities.
Define
Tq p T pL s t g R t ) 0, t e s 1, e s 1, 1, . . . , 1 g R .Ž .½ 5
Denote by R p the non-negative orthant of R p.q
Consider the following multiobjective fractional variational problem:
Ž .MFP Minimize
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a 1
,bž H g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a 1
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a p
. . . , b /H g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a p
subject to
x a s 0 s y a , x b s 0 s y b 1Ž . Ž . Ž . Ž . Ž .
x a s 0 s y a , x b s 0 s y b 2Ž . Ž . Ž . Ž . Ž .˙ ˙ ˙ ˙
p
l f t , x t , x t , y t , y t y w g t , x t , x t , y t , y tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙Ý i i y i i y
is1
p
y D l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i y˙½
is1
y w g t , x t , x t , y t , y t F 0, t g I , 3Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙i i y˙ 5
l g Lq, w g R p , 4Ž .q
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Ž Ž . Ž . Ž . Ž .. Ž Ž . Ž .where we assume that g t, x t , x t , y t , y t ) 0 and f t, x t , x t ,˙ ˙ ˙i i
Ž . Ž .. Ž Ž . Ž . Ž . Ž ..y t , y t G 0 whenever g t, x t , x t , y t , y t is not linear for all i s˙ ˙ ˙i
1, 2, . . . , p.
Ž .DEFINITION 1. A point x*, y*, l* is said to be an efficient solution of
Ž . p Ž . Ž .MFP with w* g R if for all feasible solutions x, y, l of MFP forq
each w g R p ,q
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iG , i s 1, 2, . . . , p ,bH g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
then
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a is , i s 1, 2, . . . , p.bH g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
Ž . Ž .The point x*, y*, l* is said to be a properly efficient solution of MFP
with w* g R p if there exists a scalar real M ) 0 such that for allq
 4i g 1, 2, . . . , p ,
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iy bH g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a jF M bž H g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a jy b /H g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
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for some j, such that
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
bH g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
) bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a j
Ž . Ž . pwhenever the feasible solution x, y, l of MFP with w g R andq
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
H b f t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
) .bH g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
We consider the following parametric variational problem for each
w g Rn .q
Ž .MP Minimizew
b
f t , x t , x t , y t , y t y w g t , x t , x t , y t , y t dt ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙H 1 1 1ž a
b
. . . , f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H p
a
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙p p /
Ž . Ž . Ž . Ž .subject to 1 , 2 , 3 , and 4 .
It is easy to prove the following result
Ž . Ž .LEMMA 1. Let x*, y*, l* be a properly efficient solution for MFP
p p Ž .with w g R . Then there exists w* g R such that x*, y*, l* is also aq q
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Ž .properly efficient solution for MP andw*
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iUw s , i s 1, 2, . . . , p.i bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
Remark. The converse of Lemma 1 also holds provided that we assume
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iUw s , i s 1, 2, . . . , p ,i bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
that is,
b
f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
Uy w g t , x* t , x* t , y* t , y* t dt s 0, i s 1, 2, . . . , p.Ž . Ž . Ž . Ž .Ž .˙ ˙i i




t f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
Ž . Ž . Ž . Ž .subject to 1 , 2 , 3 , and 4 .
Ž . Ž .LEMMA 2. If x*, y*, l* is a properly efficient solution for MFP with
p p Ž .w g R , then there exists w* g R such that x*, y*, l* is an optimal forq q
Ž . q pP for some t g L with w* g R .t q
Proof. From Lemma 1, the process is very similar to that for Lemma 2
w xof 6 .
In order to deduce our main results, the following definition is intro-
duced.
Ž Ž . Ž . Ž .DEFINITION 2. If there exists a vector function h t, x t , x t , y t ,˙
Ž . Ž . Ž . Ž . Ž .. n Ž . Ž . Ž .y t , u t , u t , ¤ t , ¤ t g R , with h s 0 at t if x t s u t or y t s˙ ˙ ˙ q
Ž . Ž Ž . Ž . Ž . Ž ..¤ t , such that for the scalar function h t, x t , x t , y t , y t the func-˙ ˙
tional
b
H x , x , y , y s h t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .Ž .˙ ˙ ˙ ˙H
a
MULTIOBJECTIVE FRACTIONAL VARIATION 111
satisfies
H x , x , y , y y H u , u , y , yŽ . Ž .˙ ˙ ˙ ˙
b TG h h t , u t , u t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H x
a
Tq Dh h t , u t , u t , y t , y t dt ,Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙x˙
Ž .then H x, x, y, y is said to be partially invex in x and x on I with respect˙ ˙ ˙
to h, for fixed y. If H satisfies
H x , x , y , y y H x , x , ¤ , ¤Ž .Ž .˙ ˙ ˙ ˙
b TG h h t , x t , x t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙H y
a
Tq Dh h t , x t , x t , ¤ t , ¤ t dt ,Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙y˙
Ž .then H x, x, y, y is said to be partially invex in y and y on I with respect˙ ˙ ˙
Ž .to h, for fixed x. If yH is partially invex in x and x or in y and y on I˙ ˙
Ž .with respect to h, for fixed y or for fixed x , then H is said to be partially
Ž . Žincave in x and x or in y and y on I with respect to h, for fixed y or˙ ˙
.fixed x .
3. DUALITY THEOREMS
Ž .We now give the duality theorems for MFP under the above partial-




f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ t dt ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙H 1 1 1ž a
b
. . . , f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙H p
a
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙p p /
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subject to
u a s 0 s ¤ a , u b s 0 s ¤ b 5Ž . Ž . Ž . Ž . Ž .
u a s 0 s ¤ a , u b s 0 s ¤ b 6Ž . Ž . Ž . Ž . Ž .˙ ˙ ˙ ˙
p
l f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙Ý i i x i i x
is1
p
y D l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i x˙½
is1
y w g t , u t , u t , ¤ t , ¤ t G 0, ; t g I , 7Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙i i x˙ 5
l g Lq, w g R p . 8Ž .q
Ž .THEOREM 1 Weak Duality . Assume that for each feasible solution




v vŽ . Ž Ž . Ž .. Ž Ž . Ž ..MD , H f t, , , y t , y t dt and H y g t, , , y t , y t dt are partially˙ ˙a i a i




v vŽ Ž . Ž . . Ž Ž . Ž . .i s 1, 2, . . . , p. H f t, x t , x t , , dt and H y g t, x t , x t , , dt are˙ ˙a i a i
partially inca¤e in y and y on I with respect to the same h, for fixed x,˙
i s 1, 2, . . . , p. Then the following inequalities cannot simultaneously hold
Ž .1 b f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
b
F f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
 4for all i g 1, 2, . . . , p ,
Ž .2 b f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H j
a
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙j j
b
- f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙H j
a
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙j j
 4for at least one j g 1, 2, . . . , p .
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Ž Ž . Ž . . Ž .Proof. For each feasible solution x t , y t , l, w of MFP and each
Ž Ž . Ž . . Ž .feasible solution u t , ¤ t , l, w of MD , we have
p
b
l f t , x t , x t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b
y l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b TG l h f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙½Ý Hi i x
ais1
y w g t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙i i x
Tq Dh f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž . Ž .Ž .˙ ˙i x˙
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙ 5i i x˙
p
b Ts h l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙ÝH i i x½a is1
y w g t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙i i x
p
y D l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i x˙
is1
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i x˙ 5
G 0,




v vŽ Ž . Ž .. Ž Ž . Ž ..H f t, , , ¤ t , ¤ t dt and H y g t, , , ¤ t , ¤ t dt; the second equality˙ ˙a i a i
Ž . Ž .is obtained by integrating by parts, and when t s a and t s b, x t s u t ,




l f t , x t , x t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b
G l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1




bŽ Ž . Ž . .Similarly, from the partial incavity of H f t, x t , x t , , dt and H y˙a i a
v vŽ Ž . Ž . . Ž .g t, x t , x t , , dt, and 3 , we obtain˙i
p
b
l f t , x t , x t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b
y l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b TF l h f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý H ½i i y
ais1
y w g t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙i i y
Tq Dh f t , x t , x t , y t , y tŽ . Ž . Ž . Ž . Ž .Ž .˙ ˙i y˙
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙ 5i i y˙
p
b Ts h l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙ÝH i i y½a is1
y w g t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙i i y
p
y D l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i y˙
is1





l f t , x t , x t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b
F l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , y t , y t dt. 10Ž . Ž . Ž . Ž . Ž .Ž .˙ ˙i i
MULTIOBJECTIVE FRACTIONAL VARIATION 115
Ž . Ž .From 9 and 10 , we get
p
b
l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b
G l f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý Hi i
ais1
y w g t , u t , u t , ¤ t , ¤ t dt.Ž . Ž . Ž . Ž .Ž .˙ ˙i i
The proof is complete.
Let u denote the following
u s u t , x t , x t , y t , y t , wŽ . Ž . Ž . Ž .Ž .˙ ˙
s u t , x t , x t , y t , y t , w ,Ž . Ž . Ž . Ž .Ž .˙ ˙Ž 1
T
. . . , u t , x t , x t , y t , y t , wŽ . Ž . Ž . Ž .Ž .˙ ˙ .p
s f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ž 1
yw g t , x t , x t , y t , y t ,Ž . Ž . Ž . Ž .Ž .˙ ˙1 1
. . . , f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙p
Tyw g t , x t , x t , y t , y t .Ž . Ž . Ž . Ž .Ž .˙ ˙ .p p
Since f and g are twice continuously differentiable functions for i si i
1, 2, . . . , p, x and y are piecewise differentiable functions on I with
D2 x s x, D2 y s y, u is a continuously differentiable.¨ ¨
Ž .THEOREM 2 Strong Duality . Assume that the partial-in¤exityrpartial-
Ž Ž . Ž . .inca¤ity conditions of Theorem 1 are satisfied. Let x* t , y* t , l* be a
Ž . pproperly efficient solution for MFP with w* g R , whereq
H b f t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iUw s , i s 1, 2, . . . , p.i bH g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
If the following hold,
Ž .  4I for all i g 1, 2, . . . , p
T T T
b t u y D u y D b t u q D b t D u b tŽ . Ž . Ž . Ž .Ž . Ž .½ 5i y y i y y i y y i y y˙ ˙ ˙˙
s 0 « b t s 0;Ž .
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Ž . p  Ž .4 pII for m g R , the set of ¤ector functions u y D u satisfyi y i y is1˙
p
m u y Du G 0 « m s 0. 4Ý i i y i y˙
is1
Ž Ž . Ž . . Ž . pThen x* t , y* t , l* is a properly efficient solution for MD with w* g R .q
Ž Ž . Ž . .Proof. From Lemma 1 and Lemma 2, x* t , y* t , l* is an optimal for
Ž . q p pP for some t g L with w* g R . Hence, there exist a g R, d g R ,t q
r g R p, and a piecewise smooth b : I “ Rn satisfying the following Fritz
Ž w x.John conditions Theorem 1 of 4
p p
T TUa t u y D u q l b t u y D u y D b t uŽ . Ž .Ž . Ž .Ý Ý ½i i x i x i i y x i y x i y x˙ ˙ ˙
is1 is1
Tq D b t D u s 0, 11Ž . Ž .Ž . 5i y x˙˙
p p
T TUa t u y D u q l b t u y D u y D b t uŽ . Ž .Ž . Ž .Ý Ý ½i i y i y i i y y i y y i y y˙ ˙ ˙
is1 is1
Tq D b t D u s 0, 12Ž . Ž .Ž . 5i y y˙˙
u y D u b t y d s 0 i s 1, 2, . . . , p , 13Ž . Ž .Ž .i y i y i˙
p
Ul u y D u b t s 0, 14Ž . Ž .Ž .Ý i i y i y˙
is1
TU Ua g q l g b t q l b t D g q r s 0, 15Ž . Ž . Ž . Ž .i i i y i i y i˙
d Tl* s 0, 16Ž .
rT w* s 0, 17Ž .
a , b t , d , r G 0, a , b t , d , r / 0. 18Ž . Ž . Ž .Ž . Ž .
q Ž . Ž .Since d G 0 and l* g L , from the equation 16 we get d s 0, and 13
becomes
u y D u b t s 0, i s 1, 2, . . . , p. 19Ž . Ž .Ž .i y i y˙
Ž .So, from 12 we have
T T T
b t u y D u y D b t u q D b t D u b tŽ . Ž . Ž . Ž .Ž . Ž .½ 5i y y i y y i y y i y y˙ ˙ ˙˙
s 0, t g I
 4for all i g 1, 2, . . . , p .
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Ž .From the condition I , we get
b t s 0, t g I. 20Ž . Ž .
Ž . Ž .Equations 12 and 20 yield
p
a t u y D u s 0, t g I. 21Ž .Ž .Ý i i y i y˙
is1
Ž . Ž .But from 3 , the expression 21 becomes
p
Uat y l u y D u G 0, t g I,Ž . Ž .Ý i i i y i y˙
is1
which along with hypothesis yields
at y l* s 0. 22Ž .
Ž . Ž .That is, l* s at . From 20 , the equation 11 becomes
p
Ul u y D u s 0, t g I.Ž .Ý i i x i x˙
is1
Ž Ž . Ž . . Ž .It follows that x* t , y* t , l* is a feasible solution for MD with
w* g R p .q
Ž Ž . Ž . . Ž . pIf x* t , y* t , l* is not an efficient solution for MD with w* g R ,q
Ž Ž . Ž . . Ž .then there exists a feasible solution u t , ¤ t , l, w for MD such that for
 4all i g 1, 2, . . . , p ,
b
f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙H i i i
a
b
G f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
Uy w g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
 4and for one j g 1, 2, . . . , p ,
b
f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙H j j j
a
b
) f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙H j
a
Uy w g t , x* t , x* t , y* t , y* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙j j
which contradicts the conclusion of Theorem 1.
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Ž Ž . Ž . .Now, we assume that x* t , y* t , l* is not a properly efficient solution
Ž . p Ž Ž . Ž . .for MD with w* g R , i.e., there exists a feasible solution u t , ¤ t , l, wq
Ž .for MD such that for some i and any real M ) 0,
b
f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙H i i i
a
b
y f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
Uy w g t , x* t , x* t , y* t , y* t dt ) M .Ž . Ž . Ž . Ž .Ž .˙ ˙i i
Therefore,
p
b Ul f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙ÝH i i
a is1
y w g t , u t , u t , ¤ t , ¤ t dtŽ . Ž . Ž . Ž .Ž .˙ ˙i i
p
b Uy l f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙ÝH i i
a is1
Uy w g t , x* t , x* t , y* t , y* t dt ) M .Ž . Ž . Ž . Ž .Ž .˙ ˙i i
This contradicts Theorem 1 again and the proof is complete.
Similarly to the proof of Theorem 2, a converse duality theorem may
also be obtained.
Ž .THEOREM 3 Converse Duality . Assume that the partial-in¤exityr
Ž Ž . Ž . .partial-inca¤ity conditions of Theorem 1 are satisfied. Let u* t , ¤* t , l* be
Ž . pa properly efficient solution for MD with w* g R , whereq
H b f t , u* t , u* t , ¤* t , ¤* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a iUw s , i s 1, 2, . . . , p.i bH g t , u* t , u* t , ¤* t , ¤* t dtŽ . Ž . Ž . Ž .Ž .˙ ˙a i
If the following statements hold:
Ž .  4I for all i g 1, 2, . . . , p
T T T
b t c y D c y D b t c q D b t D c b tŽ . Ž . Ž . Ž .Ž . Ž .½ 5i x x i x x i x x i x x˙ ˙ ˙˙
s 0 « b t s 0,Ž .
Ž . p  Ž .4 pII for m g R , the set of ¤ector functions c y D c satisfyi x i x is1˙
p
m c y D c F 0 « m s 0, 4Ž .Ý i i x i x˙
is1
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where c denotes
c s c t , u t , u t , ¤ t , ¤ t , wŽ . Ž . Ž . Ž .Ž .˙ ˙
s c t , u t , u t , ¤ t , ¤ t , w ,Ž . Ž . Ž . Ž .Ž .˙ ˙Ž 1
T
. . . , c t , u t , u t , ¤ t , ¤ t , wŽ . Ž . Ž . Ž .Ž .˙ ˙ .p
s f t , u t , u t , ¤ t , ¤ t y w g t , u t , u t , ¤ t , ¤ t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙Ž 1 1 1
. . . , f t , u t , u t , ¤ t , ¤ tŽ . Ž . Ž . Ž .Ž .˙ ˙p
Ty w g t , u t , u t , ¤ t , ¤ t ,Ž . Ž . Ž . Ž .Ž .˙ ˙ .p p
Ž Ž . Ž . . Ž . pthen u* t , ¤* t , l* is a properly efficient solution for MP with w* g R .q
4. SELF-DUAL PROBLEMS
Here, a class of self-dual problems is introduced. First, we give the
following
DEFINITION 3. The function h: I = Rn = Rn = Rn = Rn “ R is said
to be skew symmetric if for all x and y in the domain of h
h t , x t , x t , y t , y t s yh t , y t , y t , x t , x t , t g I,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙
where x and y are piecewise smooth on I.
Ž .THEOREM 4 Self-duality . If f , g are skew symmetric functions fori i
Ž . Ž .MFP for all i s 1, 2, . . . , p, then MP is self-dual, that is, the dual
Ž . Ž Ž . Ž . .problem of MP is itself. Furthermore, the feasibility of x t , y t , l for
Ž . p Ž Ž . Ž . . Ž .MP with w g R implies the feasibility of y t , x t , l for MD withq
w g R p , and the con¤erse.q




y f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H 1ž a
y w g t , x t , x t , y t , y t dt ,Ž . Ž . Ž . Ž .Ž .˙ ˙1 1
b
. . . , f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙H p
a
y w g t , x t , x t , y t , y t dtŽ . Ž . Ž . Ž .Ž .˙ ˙p p /
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subject to
x a s 0 s y a , x b s 0 s y b ,Ž . Ž . Ž . Ž .
x a s 0 s y a , x b s 0 s y b ,Ž . Ž . Ž . Ž .˙ ˙ ˙ ˙
p
y l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i y½
is1
y w g t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙i i y
p
yD l f t , x t , x t , y t , y tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i y˙
is1
y w g t , x t , x t , y t , y t G 0, ; t g I ,Ž . Ž . Ž . Ž .Ž .˙ ˙i i y˙ 5
l g Lq, w g R p .q
Ž .Since f , g are skew symmetric functions for MFP for all i s 1, 2, . . . , p,i i
we have
f t , x t , x t , y t , y t s yf t , y t , y t , x t , x t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙i y i x
f t , x t , x t , y t , y t s yf t , y t , y t , x t , x t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙i y i x˙ ˙
g t , x t , x t , y t , y t s yg t , y t , y t , x t , x t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙i y i x
g t , x t , x t , y t , y t s yg t , y t , y t , x t , x t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙i y i x˙ ˙
for i s 1, 2, . . . , p. The above problem becomes the following.
Maximize
b
f t , y t , y t , x t , x tŽ . Ž . Ž . Ž .Ž .˙ ˙H 1ž a
y w g t , y t , y t , x t , x t dt ,Ž . Ž . Ž . Ž .Ž .˙ ˙1 1
b
. . . , f t , y t , y t , x t , x tŽ . Ž . Ž . Ž .Ž .˙ ˙H p
a
y w g t , y t , y t , x t , x t dtŽ . Ž . Ž . Ž .Ž .˙ ˙p p /
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subject to
x a s 0 s y a , x b s 0 s y bŽ . Ž . Ž . Ž .
x a s 0 s y a , x b s 0 s y bŽ . Ž . Ž . Ž .˙ ˙ ˙ ˙
p
l f t , y t , y t , x t , x t y w g t , y t , y t , x t , x tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .˙ ˙ ˙ ˙Ý i i x i i x
is1
p
y D l f t , y t , y t , x t , x tŽ . Ž . Ž . Ž .Ž .˙ ˙Ý i i x˙
is1
y w g t , y t , y t , x t , x t G 0, ; t g I ,Ž . Ž . Ž . Ž .Ž .˙ ˙i i x˙
l g Lq, w g R p .q
Ž . Ž . Ž .This implies that the MP is identical to MD , that is, MP is self-dual. It
Ž Ž . Ž . . Ž . pis obvious that the feasibility of x t , y t , l for MP with w g R isq
pŽ Ž . Ž . . Ž .also the feasibility of y t , x t , l for MD with w g R .q
THEOREM 5. Under the conditions of Theorems 2, 3, and 4, if
Ž Ž . Ž . . Ž . px* t , y* t , l* is a properly efficient solution for MP with w* g R , thenq
Ž Ž . Ž . . Ž . py* t , x* t , l* is a properly efficient solution for MD with w* g R , andq
b
f t , x* t , x* t , y* t , y* tŽ . Ž . Ž . Ž .Ž .˙ ˙H i
a
y w g t , x* t , x* t , y* t , y* t dt s 0, i s 1, 2, . . . , p ,Ž . Ž . Ž . Ž .Ž .˙ ˙i i
and the con¤erse.
5. RELATED PROBLEMS
If f and g are not depend explicity on t for i s 1, 2, . . . , p, then thei i
above problems essentially reduce to the following two problems.
Ž .MFP9 Minimize
f x , y f x , y f x , yŽ . Ž . Ž .1 2 p




l f x , y y w g x , y F 0,Ž . Ž .Ý i i y i i y
is1
l g Lq, w g R p .q
Ž .MD9 Maximize
f u , ¤ y w g u , ¤ , . . . , f u , ¤ y w g u , ¤Ž . Ž . Ž . Ž .Ž .1 1 1 p p p
subject to
p
l f u , ¤ y w g u , ¤ G 0,Ž . Ž .Ý i i x i i x
is1
l g Lq, w g R p .q
Similar to Definition 2, we may define the function h: Rn = Rn “ R to be
Ž . Ž .partially invexrpartially incave. So, MFP9 and MD9 are a pair of dual
Ž .problems. Furthermore, the condition I in Theorem 2 reduces to the
following:
p
Tb l f y w g b s 0 « b s 0.Ý i i y y i i y y
is1
On the other hand, if f and g are negative symmetric, that is, if f and gi i i i
satisfy
f x , y s yf y , x , g x , y s yg y , xŽ . Ž . Ž . Ž .i i i i
n Ž . Ž .for all x, y g R and for i s 1, 2, . . . , p, then MFP9 and MD9 are self
dual problems. Here, our conclusions include the same results as in
w x3, 7]9 .
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